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Abstract 

The generalized fc-connectivity Kk{G) of a graph G was introduced by Chartrand et al. 
in 1984. It is natural to introduce the concept of generalized fe-edge-connectivity A&(G). For 
general k, the generalized fc-edge-connectivity of a complete graph is obtained. For k > 3, 
sharp upper and lower bounds of Kk(G) and A&(G) are given for a connected graph G of 
order n, that is, 1 < Kfc(G) < n — [~|] and 1 < Afc(G) < n — [~|~|. Graphs of order n such that 
Kfc(G) = n — [~-|] and Afc(G) = n — [~-|] are characterized, respectively. Nordhaus-Gaddum- 
type results for the generalized fc-(edge-)connectivity are also obtained. For k = 3, we study 
the relation between the edge-connectivity and the generalized 3-edge-connectivity of a graph. 
Upper and lower bounds of A3 (G) for a graph G in terms of the edge-connectivity A of G are 
obtained, that is, 3A 4 ~ 2 < Xz{G) < A, and two graph classes are given showing that the upper 
and lower bounds are sharp. From these bounds, we obtain that A(G) — 1 < As(G) < A(G) if 
G is a connected planar graph, and the relation between the generalized 3-connectivity and 
generalized 3-cdgc-connectivity of a graph and its line graph. 

Keywords: (cdgc-)connectivity, internally (edge-) disjoint trees, generalized (edge-)connectivity, 
planar graph, line graph, complementary graph. 

AMS subject classification 2010: 05C40, 05C05, 05C75, 05C76. 

1 Introduction 

All graphs in this paper are undirected, finite and simple. We refer to book [2] for graph 
theoretical notation and terminology not described here. 

The generalized connectivity of a graph G, which was introduced by Chartrand et al. in [3], 
is a natural and nice generalization of the concept of (vertex) connectivity. Let G be a nontrivial 
connected graph of order n and 2 < k < n. For a set S of k vertices of G, let k(S) denote the 
maximum number i of edge-disjoint trees T\,T2, ■■■ ,T# in G such that V(Ti) n V(Tj) = S for 
every pair i,j of distinct integers with 1 < i,j < £ (Note that the trees are vertex-disjoint in 
G\S). A collection {T±, T2, ■ ■ ■ , T{\ of trees in G with this property is called an set of internally 
disjoint trees connecting S. The generalized k- connectivity, denoted by Kk(G), of G is then 
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defined by K. k (G) = min{K(S)\S C V(G) and |S| = k}, where the minimum is taken over all 
/c-subsets S of V(G). Thus, K2(G) = k(G). Let K k {G) = if G is disconnected. Results on the 
generalized connectivity can be found in [5j [15j [TTJ 021 E31 HH E] . 

A natural idea is to introduce the concept of generalized edge-connectivity. Let X(S) denote 
the maximum number £ of pairwise edge-disjoint trees T%, T2, ■ ■ ■ , in G such that V(Tj) D 5 
for every 1 < i < £. Then the generalized k- edge- connectivity X k (G) of G is defined as Xk(G) = 
min{X(S)\S C V(G) and |5| = fc}. Thus A 2 (G) = A(G). Let A fe (G) = if G is disconnected. 

Note that the concepts of generalized connectivity and generalized edge-connectivity are 
different in general. The graph H in Figure 1 (a) is an example for which k 3 (H) = 1 and 
X 3 (H) = 2. 




(a) (b) 

Figure 1 (a): k 3 (H) = 1, X 3 (H) = 2. 
Figure 1 (b): K k (G) = l,X k (G) =n-\%\. 

In addition to being natural combinatorial measures, the generalized connectivity and gen- 
eralized edge-connectivity can be motivated by their interesting interpretation in practice. For 
example, suppose that G represents a network. If one considers to connect a pair of vertices of 
G, then a path is used to connect them. However, if one wants to connect a set S of vertices of G 
with \S\ > 3, then a tree has to be used to connect them. This kind of tree with minimum order 
for connecting a set of vertices is usually called a Steiner tree, and popularly used in the physical 
design of VLSI, see [16]. Usually, one wants to consider how tough a network can be, for the 
connection of a set of vertices. Then, the number of totally independent ways to connect them is 
a measure for this purpose. The generalized ^-connectivity and generalized /c-edge-connectivity 
can serve for measuring the capability of a network G to connect any k vertices in G. 

For general k, the generalized /c-edge-connectivity of a complete graph is obtained. Sharp 
and lower bounds of K k (G) and Xk(G) are given for a connected graph G of order n, that is, 
1 < Kk(G) < n - I'll and 1 < X k {G) < n - [§]. We recall and use Nash-Williams's and Tutte's 
Theorem (for short proofs, see |10j): 

Theorem 1. (Nash-Williams J^,Tutte A multigraph G contains a system of k edge-disjoint 
spanning trees if and only if 

\\G/@>\\ > k{\0>\ - 1) 

holds for every partition ofV(G), where \\G/£P\\ denotes the number of edges in G between 
distinct blocks of £P . 

By Nash- Williams's and Tutte's Theorem, graphs of order n such that K k {G) = n — [4] 
and X k {G) = n — [|] are characterized, respectively. Nordhaus-Gaddum-type results for the 
generalized ^-connectivity and generalized fc-edge-connectivity are also obtained in Section 3. 
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For k = 3, we study the relation between the edge-connectivity and the generalized 3-edge- 
connectivity of a graph. Kriesell in [7j showed that for any two natural numbers t, i there 
exist smallest natural numbers fg(t) (ge(t)) such that for any /£(t)-edge-connected ((^(^-edge- 
connected) vertex set S of a graph G with \S\ < I (|V(G) — S\ < £) there exists a system 3? 
of t edge-disjoint trees such that S C V(T) for each T € 3F . He determined / 3 (i) = L^ipJ- 111 
Section 4, we use his this result to derive a sharp lower bound of \$(G). We also give a sharp 
upper bound of \${G). Altogether we get that 3 ^~ 2 < As(G) < A. Two graph classes are given 
showing that the upper and lower bounds are sharp. From these bounds, we obtain two results: 
one is X(G) — 1 < A 3 (G) < A(G) if G is a connected planar graph, the other is the relation 
between the generalized 3-connectivity and generalized 3-edge-connectivity of a graph and its 
line graph. 

2 Preliminaries 

For a graph G, let V(G), E(G), \G\, \\G\\, L(G) and G denote the set of vertices, the set of 
edges, the order, the size, the line graph and the complement graph of G, respectively. As usual, 
the union of two graphs G and H is the graph, denoted by G U H, with vertex set V(G) U V(H) 
and edge set E(G)UE(H). For S C V(G), we denote G\S the subgraph by deleting the vertices 
of S together with the edges incident with them from G. If S = {v}, we simply write G\v for 
G \ {v}. If S is a subset of vertices of a graph G, the subgraph of G induced by S is denoted by 
G[S]. If M is the edge subset of G, then G\M denote the subgraph by deleting the edges of M. 
If M is a subset of edges of a graph G, the subgraph of G induced by M is denoted by G[M]. If 
M = {e}, we simply write G \ e for G \ {e}. We denote by Eq[X, Y] the set of edges of G with 
one end in X and the other end in Y. If X = {x}, we simply write Eq[x,Y] for i^dx}, Y]. 

Chartrand et al. in [5] obtained the first result in the generalized connectivity. 
Theorem 2. J2f For every two integers n and k with 2 < k < n, 

K k (K n )=n - \k/2]. 

A subtree T of G is called an S-spanning tree, if S C V(T) holds. For distinct vertices 
x, y in G, let A(x, y; G) denote the local edge-connectivity of x and y. S C V(G) is called 
n-edge-connected, if X(x,y;G) > n for all x ^ y in S. In [7j, Kriesell gave the following result: 

Lemma 1. J?]/ Let t > 1 be a natural number, and G be a graph, and let {a,b,c} C V(G) be 
L^6^J -edge- connected graph in G. Then there exists a system oft edge-disjoint {a, b, c}-spanning 
trees. 

It is easy to see that the definition of edge-disjoint S'-spanning trees is the same as our 
definition of edge-disjoint trees connecting S. 

The following result for planar graphs is well-known. 
Lemma 2. J2j/ Every planar graph G has a vertex of degree at most 5, i.e., 6(G) < 5. 
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Chartrand [B] et al. investigated the relation between the connectivity and edge-connectivity 
of a graph and its line graph. 

Lemma 3. J2J/ If G is a connected graph, then 

(1) k(L(G)) > X(G), if\(G) > 2. 

(2) \(L(G)) > 2A(G) - 2. 

(3) k(L(L(G))) > 2k(G) - 2. 

3 Results of Kk(G) and A&(C7) for general k 

After the preparation of the above section, we start to give our main results of this paper. 

3.1. For complete graphs 

The following two observations are easily seen. 

Observation 1. If G be a connected graph, then Kk(G) < Afc(G) < 5(G). 

Observation 2. If H is a spanning subgraph of G, then K k (H) < ftfc(G) and Xk(H) < Xk(G). 

For general k and the complete graph K n , Kk(K n ) was determined by Chartrand et al., see 
Theorem 2. Now we give the result for \k(K n ). 

Let S = {u±,U2, • • • , Uk} C V(G) and W = V(G) \ S = {wi,W2, • • • , w n _k}- Let be a 
maximum set of edge-disjoint trees in G that connect S. Let 2F\ be the set of trees in 2? whose 
edges belong to E(G[S]), and ^ be the set of trees containing at least one edge of Eg[S,W]. 
Thus, = 3\ U ^(Throughout this paper, 2? , S^, are defined as this). 

Lemma 4. Let S C V(G), \S\ = k and T be a tree connecting S. IfT£5\, then T uses k — 1 
edges of E(G[S\) U E G [S, W]; IfT G ST 2 , then T uses at least k edges of E{G[S]) U E G [S, W]. 

Proof. It is easy to see that for each T in 3\, T uses k — 1 edges in E(G[S]), namely, T uses 
k - 1 edges of E(G[S\) U E G [S, W]. 

For T € 3*2, by deleting all the vertices of T in W, we obtain some components of T in S 1 , 
denoted by Ci, C2, • • • , C s . Let |Q| = q. Then ||Cj|| = q — 1 and Xli=i( c « — 1) = k — s. Since 
there exists at least one edge of T between each Ci and W, where 1 < i < s, T uses at least 
(jfc - s ) + s = k edges in E{G[S]) U E G [S, W]. □ 

Theorem 3. For every two integers n and k with 2 < k < n, 

X k (K n ) = n-[k/2]. 

Proof. Let G = K n . We choose S C V(GQ such that |5| = fe. Let \&\ = y and \3\\ = x. From 
Lemma 4, each tree T G 3\ uses fe - 1 edges in E(G[S\) U E G [5,VF], \3\\ = x < [(l)/(k - 
1)J = L|J- Since each tree T £ 3% uses at least fc edges in ^(GfS 1 ]) U E G [S, W], we have 
\3\\(k - 1) + < + \E(G[S})\, that is, x(jfe - 1) + {y - x)k < g) + fc(n - A;). So 

X k (G)=y<^ + n-k + f. 



4 



If k is even and we assume k = 2t, where t > 1, then |^| = y < n — t — 5 + ^ < n — t since 

*<LfJ=t. 

If fe is odd and we assume k = 2t + 1, where i > 1, then |^| = y < n — t — 1 + ^"jrp which 
results in y < ra — t — 1 since y is an integer. 

From the above arguments, we conclude that Xk(K n ) < n — [|~|. Combining this with 
Theorem 2 and Observation 1, we have \k(K n ) = n — |~|~|. 

□ 

From Theorems 2 and 3, we get that \k(G) = Kk(G) for a complete graph G. However, this 
is a very special case. Actually, Xk(G) — Kk(G) could be very large. For example, let G be a 
graph obtained from two copies of the complete graph K n by identifying one vertex in each of 
them, see Figure 1 (b). Then Afc(G) = n - \\\ but n k (G) = 1. 

3.2. Sharp upper and lower bounds of /tfc(G') and A^(G) 
Now we give the sharp bounds for Kfc(G) and Afc(G): 

Theorem 4. For a connected graph G of order n and n > k > 3, 1 < Hk(G) < n — \k/2\. 
Moreover, the upper and lower bounds are sharp. 

Proof. It is easy to see that Kfc(G) < Kk(K n ). From this together with Theorem 2, we have 
Kk(G) < n — [~!~|. Since G is connected, then > 1. The result holds. 

One can easily check that the complete graph K n attains the upper bound and the tree T n 
attains the lower bound. □ 

The same upper and lower bounds can be established for the generalized fc-edge-connectivity. 

Theorem 5. For a connected graph G of order n and n > k > 3, 1 < Afc(G) < n — \k/2\. 
Moreover, the upper and lower bounds are sharp. 

3.3. Graphs with Kfc(G) = n — \k/2] and graphs with Xk(G) = n — \k/2\ 

In this section, we mainly characterize graphs with Kfc(G) = n — [~|] and \k(G) = n — [|], 
respectively. Let us start with some lemmas, which will be used later. 

Lemma 5. For k(n > k > 4) is even and e G E(K n ), Xk(K n \ e) < n — |. 

Proof. Let G = K n \ e. We choose S C V{G) such that \S\ = k and i^nf-SI containing e. Let 
= y and = x. Since every tree T S 3F\ uses k — 1 edges in ^((^[S]) U Eq[S, W], 
= x < ((2) — l)/(fc — 1) = I — From Lemma 4, each tree T £ 55 uses at least 

k edges of E(G[S]) U £ G [S,iy]. Thus - 1) + \£T 2 \k < \E G [S,W}\ + \E(G[S})\, that is, 

x(k-l) + (y-x)k < ( k 2 )+k(n-k)-l. So A fc (G) = y < ^+n-k+^ < n-f-^ < n-\ . □ 

Lemma 6. // k{n > k > 3) is odd and M is an edge set of complete graph K n such that 
\M\ > X k (K n \M) <n-4$l. 
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Proof. Let G = K n \M. We can choose 5 C V(G) such that \S\ = k and |M n (E(K n [S\) U 
E Kn [S,W])\ > Let \&\ = y and = x. Since every tree Te^i uses fe — 1 edges in 

£(G[5]) U E G [S,W], |^i| = x < (*)/(jfe - 1) = |. Prom Lemma 4, each tree Tg5 2 uses at 
least fc edges of E(G[S]) U -Eg [5, W]. Thus - 1) + \2T 2 \k < \E G [S, W]\ + \E{G[S])\, that 

is, s(A; - 1) + (y - x)k < g) + fc(n - fc) - So A fc (G) = y<^+n-£; + §- ^i< 

Lemma 7. If n is odd and M is an edge set of complete graph K n such that < \M\ < ^^y^, 
then G = K n \ M contains edge- disjoint spanning trees. 

Proof. Let & = (Jf =1 Vi be a partition of V(G) with |V^| = n;(l < i < p), and E be the 
set of edges between distinct blocks of @* in G. The case p = 1 is trivial, thus we assume 
p > 2. Then |£| > Q) - £f =1 ( n 2 ') - |M| > (™) - £f =1 ( n 2 l ) - 2jl We will show that 

(2) - E<=i ( n 2 l ) - ^ > ^(p - !). that is > (™ -p) 1 ^ 1 > ELi (2)- We onl y need to P rove 

that (n — p) 1 ^ > 'Tio^lEiLi C^)}- Since f(n\,n2, ■ ■ ■ ,n p ) = Y2i=i C2) obtain the maximum 
value only when m = n-i = ■ ■ ■ = n p -\ = 1 and n p = n — p + 1, we need inequality (n — p)^^- > 
©CP — 1) + ( ra_ 2 +1 )' tnat * s ( n ~ P)^T~ — 0- ft i s eas y to see that the inequality holds. Thus, 
\ E \ > (2) ~ Ei=i C2) ~ l M l ^ ^(P ~ Theorem 1, we know there exist edge- 

disjoint spanning trees (Note that we can use the result of Theorem 1, although Nash Williams 
and Tutte considered multigraphs but here we study generalized connectivity and generalized 
edge-connectivity for simple graphs). □ 

Theorem 6. For a connected graph G of order n and n > k > 3, Kk(G) = n — [~|] if and only 
if G = K n for k even; G = K n \ M for k odd, where M is an edge set such that < \M\ < . 

Proof. First we consider the case that k is even. From Theorem 2, we have Kk{K n ) = n — -|. 
Actually, complete graph K n is the unique graph with this property. We only need to show 
that Kk(K n \ e) < n — | for e £ E{K n ). From Lemma 5 and Observation 1, we know that 
Kk(K n \ e) < \k(K n \ e) < n — | for e € E{K n ). Thus, the result holds. 

Next we consider the case that k is odd. 

Sufficiency: Assume that Kk(G) = n — ^fci. Since G of order n is connected, we can consider 
G as a graph obtained from complete graph K n by deleting some edges. If G = K n \ M such 
that \M\ > then K k (K n \ M) < \t{K n \M) <n - &± by Observation 1 and Lemma 6, a 
contradiction. Thus, G = K n \ M, where < \M\ < 

Necessity: We will show that K k (G) > n - *±! if G = K n \ M such that < \M\ < 
It suffices to prove that K k (G) > n - for \M\ = *=i. 

Let 5 = U2, • • • , Uk] C V(G) and W = V(G) \ S = {w±,W2, • • • , w n -k}. We have the 
following two cases to consider: 

Case IMC E(K n [S}) U E(K n [W]). 

Let M' = M n and Af" = M n £7(if n [W]). Then |M'| + |M"| = |M| = ^ 

and < |M'|,|M"| < We can consider GfS 1 ] as complete graph by deleting |M'| 

edges. From Lemma 7, there exist edge-disjoint spanning trees in G[S\. Actually, these 
edge-disjoint trees are all trees connecting S in G[S]. All these trees together with the trees 



6 



Tj = WiU\ U WiU2 U • • • U WiUk{\ < i < n — k) form n — internally disjoint trees connecting 
5, namely, k(S) > n — (Note that the trees connecting S can be edge-disjoint in G[S], but 
must be internally disjoint in G\S). 

Case 2 M £ E(K n [S]) U E(K n [W}). 

In this case, there exist some edges of M in EK n [S,W]. Let M' = M n ^(i^ n [5]) and 
M" = M n £(iT n [VF]), and let |M'| = mi and |M"| = m 2 . Clearly, < < ^(i = 1, 2). 

For u)j € W, we let \EK n \M] [ w ii &\\ = x ii where 1 < i < n — k. Without loss of generality, 
let x\ > X2 > ■ ■ ■ > x n _k- Actually, there exists an integer s(l < s < n — k) such that 
x s+ i = 0, which results in x s+ \ = x s+ 2 = ■ ■ ■ = x n _k = 0. Thus J2i=i x i + m i + m 2 = and 
|^g[^) <S]| — k — X{. It is easy to see that n — < dc{uj) < n — 1 for 1 < j < k. 

Our basic idea is to seek for some edges in G[S], and let them together with the edges of 
Eg[S, W] form n — k internally disjoint trees. 

For w\ G W, without loss of generality, let S = S± U S2 and S± = {u±,U2, • • • , u Xl } such that 
UjWi € M for 1 < j < x\. Let S2 = S\S\ = {u Xl+ i,u Xl+ 2, ■•• ,Uk}. Without loss of generality, 
let cIg(u Xi +i) > da{u Xl +2) > • ■ • > da(uk). Note that u Xl+ i is a vertex of maximum degree in 52, 
we let u[ = u Xl+ \. We search for the vertices of maximum degree in S\ adjacent to u' 1 (= u Xl +i), 
and choose one, without loss of generality, let it be u\. Let e\ = v!^u\. We consider the graph 
G \ e\. If d G \ ei (u Xl+ i) > d G \ ei (u Xl+ 2), then we let u' 2 = it xi +i; otherwise, we let 
We search for the vertices of maximum degree in S\ \ u\ adjacent to u' 2 , and choose one, without 
loss of generality, let it be U2- Let e 2 = u' 2 U2- Next we consider the graph G \ {ei,e2}. We 
choose a vertex of S2, denoted by u' 3 , such that u' 3 is a vertex of maximum degree in G\ {e±, 62} ■ 
We search for the vertices of maximum degree in S\ \ {1*1,1*2} adjacent to 1*3, and choose one, 
without loss of generality, let it be 1*3. Let = 1*31*3. Since dciEls 1 ,s 2 ]}( u j) — ^~T~ ^ or ^ — 3 — Xl ' 
we can proceed to find e4,es,--- ,e xi by the same method. Let Mi = {ei,e2, ••■ ,e xi } and 
G\ = G\Mi. It is easy to see that do{uj) — dG 1 (uj) = 1(1 < j < x\) and < dc{uj) — dG 1 (uj) < 
^1(^1 + 1 < j < k), which implies that n — Np- — Xi < d Gl (i*j) < n — 1 for 1 < j < k. The tree 
T\ = w\u Xl +i U w\u Xl+ 2 U • • • U w\Uk U ei U e2 U • ■ • U e Xl is our desired tree. 

For W2 € W, without loss of generality, let S = Si U S2 and S± = {u±, 1*2, ■ ■ ■ , 1*2:2} such that 
UjW2 G M for 1 < j < X2- Let S2 = S\S\ = {u X2+ i,u X2+ 2, ■ • • , ^fe}- Without loss of generality, 
let u'i be a vertex of maximum degree in 5*2 . We search for the vertices of maximum degree 
in Si adjacent to u'i, and choose one, without loss of generality, let it be m. Let ei = 1*^1*1. 
We consider the graph Gi \ e\. We choose a vertex of S2, denoted by u' 2 , such that u 2 is 
a vertex of maximum degree in Gi \ e±, and proceed to search for the vertices of maximum 
degree in Si \ u\ adjacent to u' 2 , and choose one, without loss of generality, let it be 1*2- Let 
e2 = u' 2 U2- Next we consider the graph Gi \ {ei,e2}. We choose a vertex of S2, denoted by 
it 3 , such that 1*3 is a vertex of maximum degree in Gi \ {ei,e2}. We search for the vertices 
of maximum degree in S\ \ {^1,^2} adjacent to u' 3 , and choose one, without loss of generality, 
let it be 1*3. Let = 1*31*3. Since cicjifMSiA]] — ^T' ^ or ^ — j — x 2, we can proceed to 
find e4, e5, • • • , e X2 by the same method. Let M2 = {ei, e2, • • • , e X2 } and G 2 = G\ \ M 2 . It is 
easy to see that dc^Uj) — dc 2 (uj) = 1(1 < j < x%) and < da 1 (uj) — dc 2 (uj) < X2(x2 + 1 < 
j < k), which implies that n — Np- — xi — X2 < dc 2 (uj) < n — 1 for 1 < j < k. The tree 
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Ti = W2U X2+ i U u>2U X2+ 2 U • • • U W2Uk U ei U 62 U • • • U is our desired tree. Clearly, T2 and Ti 
are internally disjoint trees connecting S. 

We continue this procedure until there exists a positive integer s such that = 

(\E Kn [ M j [ws+i, S] I = 0) for 1 < s < n — k, we terminate this procedure and obtain s in- 
ternally disjoint trees T\,T2,--- ,T S . The resulting graph must be G s = G \ Ui=i^«- Then 
n — — Y2t=i x i — dc s {uj) < n — 1 for 1 < j < k. Since X{ > 1(1 < i < s) and 
n — ^Tf- — J2i=i x i — ~ Ylii=i x i > 0, the procedure can be realized. Next for w s+ i, •• ■ ,w n _k, 
the trees Tj = WjU\ U WjU2 U • • • U WjUk{s + 1 < j < n — k) are our desired trees. 

We can consider G S [S] = G[S] \ |Ji=i % as a graph obtained from complete graph Ky. by 
deleting \M'\ + \J s i=1 |Mj| edges. Since Ylt=i x i + m i + ^2 = we have 1 < Ui=i l-^il + m i < 
From Lemma 7, there exist edge-disjoint trees connecting S in G [5] (Note that these 
trees can be edge-disjoint by the definition of generalized /c-connectivity) . These trees together 
with Ti, T2, • • • , T n _fc form re— internally disjoint trees connecting S, namely, k(S) > n—^-. 

From the above discussion, we get that k(S) > n - £±± for S C V(G), which implies that 
Kk(G) > n — ^yi. From this together with Theorem 4, we have Kfc(G) = n — ^jjp. 

□ 

Theorem 7. For a connected graph G of order n and n > k > 3, A&(G) = n — [~|] i/ and on/y 
if G = K n for k even; G = K n \ M for k odd, where M is an edge set such that < \M\ < . 

Proof. First we consider the case that k is even. From Theorem 3 and Lemma 5, we have 
\k{K n ) = n — I if and only if G = K n . 

Next we consider the case that k is odd. If G = K n \ M(0 < \M\ < ^p), then X k (G) > 
Kk(G) = n — by Observation 1 and Theorem 6. From this together with Theorem 5, we 
know that Xk(G) = n — Assume that Xk(G) = n — Since G is connected, we can 

consider G as a graph obtained from complete graph K n by deleting some edges. If G = K n \ M 
such that \M\ > then Afc(G) < n — by Lemma 6, a contradiction. So G = K n \ M, 
where < |M| < *=i. 

□ 

3.4. Nordhaus-Gaddum-type results 

Alavi and Mitchem in [T] considered the Nordhaus-Gaddum-type results for connectivity 
and edge-connectivity. We are concerned with analogous inequalities involving the generalized 
fe-connectivity and generalized /c-edge-connectivity. 

Theorem 8. For any graph G of order n, we have 1 < Kfe(G) + Kfe(G) < n — \k/2]. Moreover, 
the upper and lower bounds are sharp. 

Proof. (1) Let «fc(G) = r and Kfe(G) = s. Since G U G = K n , K k (K n ) > r + s = ftfc(G) + «&(G). 
This together with Kk(K n ) = n — [|] results in Kfc(G) + Kfc(G) < n — |~|~|. 

If Kfc(G) + Kfc(G) = 0, then Kfc(G) = Kfc(G) = 0. Thus G and G are all disconnected, which 
is impossible. So Kfc(G) + Kfc(G) > 1. 
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We show that the bounds are sharp. The complete graph K n attains the upper bound by 
Theorem 2 since Kk(K n ) + Kk(K n ) = n — + = n — [~|~|. To see that the lower bound is sharp, 
it suffices to take G as the complete bipartite graph K\ )Tl ^\ since Kfc(i^i 5 n-i) + K fe(-f^i,n-i) = 
1 + = 1. □ 

The same Nordhaus-Gaddum-type result as that for the generalized ^-connectivity can be 
established for the generalized fc-edge-connectivity, which is stated as follows: 

Theorem 9. For any graph G of order n, we have 1 < Xk(G) + A/%(G) <n — \k/2\. Moreover, 
the upper and lower bounds are sharp. 



4 Results for A 3 (C7) and Ks(G) 

4.1. Upper and lower bounds for Xs(G) 

From now on, we focus our attention on the generalized 3-edge-connectivity. From Theorem 
5, we obtain sharp upper and lower bounds of As(G), that is, 1 < As(G) < n — 2. Now we give 
another sharp upper and lower bounds of \?,{G) by edge-connectivity, that is, 3A 7 2 < \z(G) < A, 
which will be used in planer graph and line graph. At first we give a sharp upper bound for 
Afc(G). 

Theorem 10. For any graph G of order n, Xk{G) < A(G). Moreover, the upper bound is sharp. 

Proof. Let M be a A(G)-edge-cut of G, where 1 < A(G) < n - 1. Then G\M has at least two 
components. We can choose S = {v\, V2, • • • , v^} so that S C V(G) and two of the k vertices 
are in different components. Thus any tree connecting S must contain an edge in M. By the 
definition of A(5), we get A(5) < |M|. So A fc (G) < A(5) < \M\ = A(G). 

Furthermore, we will show that the graph G = V (n — k)K±(ri > 3k) satisfies Kfc(G) = 
A fc (G) = k(G) = A(G) = 5(G) = k(See Figure 2). 




Uk+l 

Figure 2: Graph G with K k (G) = A fc (G) = k(G) = A(G) = 5(G) = k. 



Let U = iTfc = {ui,U2, ■■■ ,n n _fc}, W = {wi, W2, • • • ,Wk} and S be a /c-subset of vertices 
of G. Without loss of generality, let \S n V(U)\ = s(s < k). Then \S n V(W)| = fc - s. 
Without loss of generality, let Ui € 5(1 < i < s) and Wj G 5(1 < j < k — s). Then the 
trees Tj = lOjiti U WiU2 U • • • U uiiU s U Uk +i wi U u/ :+i W2 U • • • U Uk +i Wk- s (i = 1,2,--- ,k — s) and 
Tj = tOjiti U Wjti2 U • • • U U iui U 1^2 U • • • U WjWks (i = k — s + 1 , 2, • • • form fe pairwise 
edge-disjoint trees connecting 5, namely A(5) > k. Combining this with Afc(G) < A(G) = k, 
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we get Afc(G) = k. Since the above k trees are also internally disjoint tree connecting S, we 
have Kfe(G) = k. So Kk{G) = \k(G) = k(G) = X(G) = 5(G) = k. Clearly, the upper bound of 
Theorem 10. □ 



Next we give a sharp lower bound for Xs(G). 



Theorem 11. Let G be a connected graph with n vertices. For every two integers s and r with 
s > and r € {0, 1, 2, 3}, if X(G) = 4s + r, then A 3 (G) > 3s + [~|] . Moreover, the lower bound 
is sharp. We simply write A 3 (G) > 3A T 2 . 



Proof. Let A = [ 



8t+3 



From Lemma 1 we have A 3 (G) > t (Note that we can use the result of 



Lemma 1, although Kriesell [7] considered graphs containing multiple edges but here we study 
generalized edge-connectivity for simple graphs). 

If A = 4s, since is not an integer, then 4s < Thus A 3 (G) > t > 3s — |, which 

implies A 3 (G) > 3s. With a similar method, we can obtain that A 3 (G) > 3s + 1 if A = 4s + 1, 
and A 3 (G) > 3s + 2 if A = 4s + 3. 

Note that there exists no integer t such that 4s + 2 = L^ipJ if A = 4s + 2. But a graph G 
with X(G) = 4s + 2 is also (4s + l)-edge-connected, and so we have A 3 (G) > 3s + 1. 



A 3 (G) > { 



3s 
3s + 2 
3s + 1 



if X = 4s, 
if A = 4s + 3, 
if \ = 4s + 1 or X 



4s + 2. 



3A-2 



So the result holds. Simply, we write Xs(G) > 
Now we give graphs attaining the lower bound. 

For A = 4s with s > 1, we construct a graph G as follows (see Figure 3 (a)): Let P = X1UX2 
and Q = Y\ U Y2 be two cliques with \X\ \ = |YjJ = 2s and \X<^\ = |^2| = 2s. Let u,v be adjacent 
to every vertex in P, Q, respectively, and w be adjacent to every vertex in X\ and Y\. Finally, 
we finish the graph G by adding a perfect matching between X2 and Y%. It can be easily checked 
that A = 4s. 




Figure 3(a): The graph with X[G) = 4s and A 3 (G) = 3s. 
Figure 3(b): Two types of trees connecting {u,v,w}. 



We consider the case S = {u, v,w}. There exist two kinds of edge-disjoint trees connecting 
5(see Figure 3 (b)): the tree of Type I is a path u — v\ — w — V2 — v ; the tree of Type II is 
in T\ or T2, where T\ = uv§ U U WV3 U U vyv and T2 = uvq U ^6^8 U ^8^4 U v^w U ^8^, 
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respectively. We denote the numbers of trees of Type I and Type II by x and y, respectively. 
Note that \Eg[w, X\ U X2] \ = 4s and each tree of Type I uses two edges of Eq[w, X\ U X2], we 
have x < 2s. Although each tree of Type II uses one edge of Eg[w,Xi U X2], we have y < 2s 
since each tree of Type II uses one edge of Eq[X2, Y2} and \Eq[X2, = 2s. Combining these 
with 2x + y < 4s, we can derive the optimal solution x = s and y = 2s by solving the following 
integer linear programming: 

Maximize : x + y 
< Subject to : x <2s, y < 2s, 2x + y < 4s, 
and x, y > 0. 

Thus X(S) > 3s. We can check that for other three vertices of G the number of edge-disjoint 
trees connecting them is not less than 3s. So A 3 (G) = 3s and the graph G attaining the lower 
bound. 

For A = 4s + 1, let \Xi\ = \Y X \ = 2s + 1 and \X 2 \ = \Y 2 \ = 2s; for A = 4s + 2, let 
\Xi\ = \Yi\ = 2s + 1 and \X 2 \ = \Y 2 \ = 2s + 1; for A = 4s + 3, let \Xi\ = \Y X \ = 2s + 2 and 
\X2 1 = 1^2 1 = 2s + 1, where s > 1. Similarly, we can check that Xs(G) = 3s + 1 for A = 4s + 1; 
A 3 (G) = 3s + 1 for A = 4s + 2; A 3 (G) = 3s + 2 for A = 4s + 3. 

For the case s = 0, we have G = P n such that A(G) = Aa(G) = 1; G = C n such that A(G) = 2 
and As(G) = 1; G = H t such that A(G) = 3 and \^{G) = 2, where H t denote the graph obtained 
from t copies of K4 by identifying a vertex from each of them in the way shown in Figure 4. 




Figure 4: X(H t ) = 3, \ 3 {H t ) = 2. 



□ 

Since X(G) < 5, by Lemma 2 we only consider a planar graph G with edge-connectivity X(G) 
at most 5. From Theorem 11, it can be deduced that for any graph (not necessarily planar) if 
X(G) = 1, A 3 (G) = 1; if X(G) = 2, X 3 (G) > 1; if X(G) = 3, A 3 (G) > 2; if X(G) = 4, A 3 (G) > 3; 
and if X(G) = 5, A 3 (G) > 4. Therefore, the following theorem is obvious. 

Theorem 12. If G be a connected planar graph, then X(G) — 1 < A 3 (G) < A(G). 
4.2. For line graph 

This section investigate the relation between the generalized 3-connectivity and generalized 
3-edge-connectivity of a graph and its line graph. 

Theorem 13. If G is a connected graph, then 

(1) A 3 (G) < « 3 (L(G)). 

(2) A 3 (L(G)) >|A 3 (G)-2. 
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(3) k 3 (L(L(G)) > §s 3 (G)-2. 
Moreover, the bounds are sharp. 



Proof. For (1), let e±, e2, e 3 be three arbitrary distinct vertices of the line graph of G such that 
A 3 (G) = t with t > 1. Let ei = e2 = ^2^2 an d ^3 = V3V3 be those edges of G corresponding 
to the vertices ei,e2,e-3 in L(G), respectively. 

Consider three distinct vertices of the six end- vertices of e± , e2, . Without loss of generality, 
let S = {^1,^2,^3} be three distinct vertices. Since As(G) = t, there exist t edge-disjoint trees 
T\, T2, ■ ■ ■ ,Tt connecting S in G. We define a minimal tree T connecting S as a tree connecting 
S whose subtree obtained by deleting any edge of T does not connect 5. 

x 



V 2 



•- 

Vi V 2 v 3 



■■TV 

■••I. 



V3 



Type a 



v 2 ..... 
•- -V - —, — -9 



Type b 



J J/ 

% A 

v A 

/• \ \ 

>•• V-Vv. 
v 2 * v 3 ^ 



Type c 



x y 



>■■../ ! 

: h I 



ffd, 
;/ • / 

* • '"• 

Wl U 2 W3 



Type d T ^ e e 

Figure 5: Six types of T U I}. 



Type f 



Choosing any two edge-disjoint minimal trees T and Tj (1 < i, j < t) connecting S in G, we 
will show the trees T[ and Tj corresponding to T and Tj in T(G) are internally disjoint trees. It 
is easy to see that T U Tj has six types, as shown in Figure 5. Since T and Tj are edge-disjoint 
in G, we can find internally disjoint trees T[ and Tj connecting ei,e2,e3 in L(G). We give an 
example of Type c, see Figure 6. So k 3 (L(G)) > t and we know the result holds. 

For (2), from Theorems 10 and 11 and (2) of Lemma 3 we have A 3 (L(G)) > |A(L(G)) — \ > 
f (2A(G) - 2) - \ = |A(G) - 2 > §A 3 (G) - 2. 

For (3), from (1) and (2) of this theorem and Observation 1 we have k 3 (L(L(G))) > 
A 3 (T(G)) > §A 3 (G)-2> |k 3 (G)-2. 

One can check that the bounds are sharp if we take G = C n , Kq, Kq, respectively, for 
(1),(2),(3). □ 

Let T°(G) = G and L X (G) = L(G). Then for k > 2, the k-th iterated line graph L k {G) is 
defined by L(L k ~~ 1 (G)). The next statement follows immediately from Theorem 13 and a routine 
application of induction. 
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(a) (b) 

Figure 6 (a): An example for T{ and Tj connecting S and their line graphs. 
Figure 6 (b): An example for T[ and T'- corresponding to and Tj. 



Corollary 1. If k 3 (G) = p, then \ 3 {L k (G)) > (|) fc (p-f)+4 andK 3 {L k {G)) > (|) fc - 1 (p-|)+ 4 - 
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Appendix 

An example for Case 2 of Theorem 6 

Let k = 9 and G = K n \ M be a connected graph of order n such that \M\ = = 4. 
Let S = {ui, U2, • • • , ug}, W = G \ S = {w\,W2, • • • , and M = {wiU2-,w\u 3n W2U2, U4U7} 

(Figure 7 (a)). Clearly, \E Kn[M] [ Wl ,S]\ = 2 > \E Kn[M] [w 2 , S}\ = 1 > \E Kn[M] [ Wi , S}\ = 0(3 < 
i < rt-9). 

For tMi, we let Si = {^2,^3} since W1U2, w±us 6 M. Let S2 = S\Si = {ui, ^4, U5, ug, U7, u$, ug}. 
Since = d G (u 5 ) = d G (u 6 ) = d G (u 8 ) = d G (u 9 ) = n - 1 > d G (ii 4 ) = d G (n 7 ) = n - 2, 

without loss of generality, we choose = m € S2. We search for the vertices adjacent to 
u\ in Si and obtain 112,113 since U1U2, u[us £ E(G). Since ^0(^3) = n — 2 > d G (u2) = 
n — 3, we choose U3 and get ei = u' 1 it3(= U1W3). Next we consider the graph G \ e\. Since 
d G \ ei {uj) = n-1 > d G y ei (« 4 ) = d G \ ei (u 7 ) = d G \ ei (^i) = n - 2(j = 5,6,8,9), without 
loss of generality, we choose u' 2 = U5 S S2 and proceed to search for the vertices adja- 
cent to u' 2 in Si \ 113 and obtain U2 since Si \ U3 = {112}- Let e2 = u' 2 U2(= ^5^2)- Since 
|£'x„[M][' u; i5 = 2, we terminate this procedure. Let M\ = {ei,e2} and G\ = G \ M\. Thus 
the tree Ti = w\U\ U w\u± U w\u^ U w\Uq U W1U7 U wins U wiug U U1U3 U U5U2 is our desired tree 
(Figure 7 (6)). 




Figure 7 Graphs for Case 2. 

For u>2, we let Si = {1x2} since ^2^2 € M. Let S2 = S \ Si = {u±, 113, 114, M5, uq, uj, us, ug}. 
Since d Gl (u 6 ) = d Gl (u 8 ) = d Gl (u 9 ) =n-l> d Gl (uj) =n-2> d Gl (u 3 ) =n- 3(j = 1,4,5,7), 
without loss of generality, we choose = uq € S2. We search for the vertices adjacent to in 
Si and only obtain 112- So we get e\ = u' 1 U2{= UQU2). Since \E Kn [ M j [w2, S] | = 1, we terminate 
this procedure. Let M2 = {e\} and G2 = G± \ M2. Then the tree T2 = W2U1 U W2U3 U ^2^4 U 
W2U5 U W2UQ U W2U7 U W2U8 U W2U9 U uqU2 is our desired tree(Figure 7 (c)). Clearly, T2 and Ti 
are internally disjoint trees connecting S. 

Since \E Kn t M i [wj, S]| = for 3 < j < n — 9, we terminate this procedure. For W3, • • • , w n -g, 
the trees Tj = WiU\ U 7Uiti2 U • • • U uijU n _g(3 < i < n — 9)(Figure 7(d)) are our desired trees. 
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We can consider G2[S] = G[S] \ {M±,M2} as a graph obtained from complete graph by 
deleting 1 + \M\ \ + IM2I edges. Since 1 + \M\ \ + \M%\ = 4 = from Lemma 7, there exist 4 
edge-disjoint trees connecting S in G[S] (Actually, we can give 4 edge-disjoint trees connecting S 
(Figure 7 (e)). For example, the trees T[ = U1U9UU2U9UU3U9UU3U6UUQU7UU6U8UU8U4UU5UJ, 

T' 2 = U5U3 U U5U1 U U^Ug U U9U7 U UqU^ U U3U8 U UgU2 U U4U6, T3 = 1iiU2 U li2«3 U U3U4 U U4U5 U 

u\u-j U ti7Ug U ngiig U uqUq and T4 = U3U7 U 7x71*2 U U2U4 U U4U1 U U4«g U u±uq U Uiii8 U usiis can be 
our desired trees). These trees together with T\,T^ ■ ■ ■ ,T n ^g form n — 5 = n — internally 
disjoint trees connecting S, namely, k(S) > n — 5. 
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